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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns
Vegetation pattern

Source : http:\\ulb.ac.be/sciences/nlpc/veg_pattern.html
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
L. Ridolfi et al., Math. Biosci., 229, 174 - 184, 2011
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS NONI AL REACTION-DIFFUSIC
Spatio-temporal model: resulting patterns contd
Marine phytoplankton bloom

Source : http:\\geology.com/nasa/marine-phytoplankton.shtml

Malay Banerjeel*, Vitaly Volpert2 Spatio-temporal Pattern formation: Effect of nonlocal interactiol




SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
Example of dynamic pattern, fish school
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
Equi-distant costal shore terraces for red crabs at Talsari, India
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Standard Reaction-Diffusion Model

Spatio-temporal model
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Spatio-temporal model: resulting patterns contd.

Standard Reaction-Diffusion Model

Spatio-temporal model
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Spatio-temporal model: resulting patterns contd.

Standard Reaction-Diffusion Model

Spatio-temporal model

@ = (n )—l— i +@
ot Pr\oe T 9y2)
op o’p  Op
il fz(n,p)+d<az+3y>
on _ Op ‘
5_5_0, on (0,00) x 09,

”(07X»Y) = nO(X>Y) > 07 p(OaX’y) = ,D()(X,y) > 07
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Standard Reaction-Diffusion Model

Spatio-temporal model

@ = (n )—l— i +@
ot Pr\oe T 9y2)
op o’p  Op
il fz(n,p)+d<az+3y>
on _ Op ‘
5_5_0, on (0,00) x 09,

”(07X»Y) = nO(X>Y) > 07 p(OaX’y) = ,D()(X,y) > 07
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EMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Turing bifurcation condition

ne = fi(n, p) + V2n, pr = fo(n, p) + dV°p
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Turing bifurcation condition

ne = fi(n, p) + V2n, pr = fo(n, p) + dV°p

@ (n., p.) is temporal steady state, fi(n., ps) = 0 = (N, ps)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Turing bifurcation condition

ne = fi(n, p) + V2n, pr = fo(n, p) + dV°p

@ (n., p.) is temporal steady state, fi(n., ps) = 0 = (N, ps)
] Stability of (n*,p*): a1 + ax < 0, ajiapy — ajpar; > 0,
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Turing bifurcation condition

ne = fi(n, p) + V2n, pr = fo(n, p) + dV°p

@ (n., p.) is temporal steady state, fi(n., ps) = 0 = (N, ps)
] Stability of (n*,p*): a1 + ax < 0, ajiapy — ajpar; > 0,
@ a1 + axn = 0 — Hopf-bifurcation boundary
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Turing bifurcation condition

ne = fi(n, p) + V2n, pr = fo(n, p) + dV°p

@ (n., p.) is temporal steady state, fi(n., ps) = 0 = (N, ps)
e Stability of (n., ps): a11 +ax < 0, ajjax — appax > 0,

@ a1 + axn = 0 — Hopf-bifurcation boundary

e n(t,x,y) = ny, p(t,x,y) = p» — homogeneous steady-state
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Turing bifurcation condition

ne = fi(n, p) + V2n, pr = fo(n, p) + dV°p

(ns, p«) is temporal steady state, f(n., px) = 0 = fony, ps)
Stability of (n., ps): a11 +ax < 0, ajjax — apax > 0,
ai1 + ax = 0 — Hopf-bifurcation boundary

n(t,x,y) = ns, p(t,x,y) = p. — homogeneous steady-state

Turing instability conditions:
(i) a11 + a2 < 0, (ii) a11a2 — aipazn > 0,

(iii) dai1 + ax > 2\/3\/m
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Turing bifurcation condition

ne = fi(n, p) + V2n, pr = fo(n, p) + dV°p

@ (n., p.) is temporal steady state, fi(n., ps) = 0 = (N, ps)
] Stability of (n*,p*): a1 + ax < 0, ajiapy — ajpar; > 0,
@ a1 + axn = 0 — Hopf-bifurcation boundary
e n(t,x,y) = ny, p(t,x,y) = p» — homogeneous steady-state
@ Turing instability conditions:

(i) a11 + a2 < 0, (i) a;1a2 — apaz1 > 0,

(iii) dai1 + ax > 2vV/dy/an1an — apan
® day; + ap = 2v/d\/a11a22 — arpan — Turing bifurcation

boundary
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Theor Ecol (2011) 4:37-53
DOI 10.1007/s12080-010-0073-1

ORIGINAL PAPER

Self-organised spatial patterns and chaos
in a ratio-dependent predator—prey system

Malay Bancrjece - Sergei Petrovskii
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Theor Ecol (2011) 4:37-53
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Self-organised spatial patterns and chaos
in a ratio-dependent predator—prey system
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Original Research Article
Existence and non-existence of spatial patterns in a ratio-dependent ®(mww
predator-prey model
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
Stationary patterns
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
Spatio-temporal chaotic pattern (irregular patches)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
Spatio-temporal chaotic pattern (interacting spiral)
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EMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model
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Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model
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EMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model

n1(X1, Y1)
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EMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model

”2(X27YZ)
[ ]

n1(X1, Y1)
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EMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model

”2(X27YZ)
[ ]

[ ]
n1(X1, Y1)
(]
n3(x3, y3)

Malay Banerjeelw Vitaly Volpert2 Spatio-temporal Pattern formation: Effect of nonlocal interactio




SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model

Ny (X4, )/4)
°

”2(X27YZ)
[ ]

[ ]
n1(X1, Y1)
(]
n3(x3, y3)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model

f74(X4,)/4)
°
n2(X27 Y2)
°
°
n1(X1, Y1)
°
n3(xs, y3) n5°(x5 vs)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model

f74(X4,)/4)

nz(X2 J/2) °
° ne(x6, ¥6)

[ ]

[ ]
n1(X1,Y1)
(]

n3(xs, y3) n5°(x5 vs)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model

Ny (X4, )/4)

no(xo,
2(02 v2) ne(Xe, ¥6)

[ ]

m (X1 » Y1 ) ny
(]

n3(xs, y3)

—~~

XY,}’?)

ns
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X5,YS)
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Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model contd.

Ny (X4, )/4)

ne(Xe, ¥6)

ny (X7, }/7)

ns

—~~

X5,YS)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Justification for considering 1D (space) model contd.

Ny (X4, )/4)

ne(Xe, ¥6)

n7y X7,}/7)

”5(X5,YS)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

n(XJ) = ZZ:4 nr(Xry)/r)
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SP! )-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Ratio-dependent prey-predator model
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Ratio-dependent prey-predator model

O n(l—n) Sl &
ot n+p 0x?
op _ Bnp 2, ,0°p
ot —nxp P TOP Td5a

n(0,x) = ng(x) > 0, p(0,x) = po(x) > 0
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Ratio-dependent prey-predator model

on _ n(l—n) Sl &
ot n+p 0x?
op _ Bnp 2, ,0°p
ot —nxp P TOP Td5a

n(0,x) = ng(x) > 0, p(0,x) = po(x) > 0

n(t,0) = n(t, 1), p(t,0) = p(t,/)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Ratio-dependent prey-predator model

on _ n(l—n) Sl &
ot n+p 0x?
op _ Bnp 2, ,0°p
ot —nxp P TOP Td5a

n(0,x) = ng(x) > 0, p(0,x) = po(x) > 0

n(t,0) = n(t, 1), p(t,0) = p(t,/)

«, B, 7, 6 and d are dimensionless positive parameters.
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EMPORAL MODEL: RESULTING PATTERNS

Standard Reaction-Diffusion Models contd.

Bifurcation diagram, stationary and non-stationary patterns

12} i
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5W V V V { * %k ok ok ok ok k%
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o —

V — homogeneous stead-state, < — stationary pattern,
* — spatio-temporal chaos, x — extinction. (8 =1, v = 0.6,
d=0.1)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

Oscillations and chaos behind predator-prey invasion:
mathematical artifact or ecological reality?

JONATHAN A SHERRATT', BARRY T.EAGAN* axp MARK A LEWIS*

" Nondinear Systems Laboratory, Mathematics Insttute, University of Warwick, Coventry (V4 7L, UK
* Department of Mathematics, Univesity of Utal, Sali Lake City, Utah 4112, USA

Phil. Trans. Royal Soc. B, 357, 21 — 38 (1997)
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

MATHEMATICAL

COMPUTER
MODELLING
PERGAMON Mathematical and Computer Modelling 29 (1999) 49-63 e ————

A Minimal Model of Pattern Formation
in a Prey-Predator System

S. V. PETROVSKII
Shirshov Institute of Oceanclogy, Russian Academy of Sciences
Nakhimovsky Prospect, 36, Moscow 117218, Russia
oceantheolabOglas.apc.org
H. MALcHOW*
Institute of Environmental Systems Research
Department of Mathematics and Computer Science, University of Osnabriick
Artilleriestr. 34, D-49069 Osnabriick, Germany
malchowQust .uni-osnabrueck.de
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
RM model with PBC

np
ng = n—n’—

+ Nux, pr = — bp + pxx;

c+n _c+n
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
RM model with PBC

—b
C+n p+pXX7
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

RM model with PBC contd.

Ly

L
200 400 600 800 1000 1200 1400 1600
X —

a=0.15 b =0.05, ¢ = 0.2 — Periodic travelling wave
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS
Spatio-temporal model: resulting patterns contd.
RM model with PBC contd.

o 200 400 600 800 1000 1200 1400 1600
X —

a=0.9, b=0.3, c =0.2 — Spatio-temporal chaos
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

RM model with PBC contd.

LR

L L d L h
o 200 400 600 800 1000 1200 1400 1600
x —

a=1.0, b=0.5, ¢ = 0.2 — Periodic travelling wave behind the invasive

wave
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SPATIO-TEMPORAL MODEL: RESULTING PATTERNS

Spatio-temporal model: resulting patterns contd.

RM model with PBC contd.

Plot of (n) against (p) after discarding initial transients.

a=0.15, b=0.05, ¢ = 0.2 (left); a=0.9, b= 0.3, c = 0.2 (middle);
a=10, b=0.5, c = 0.2 (right)
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NONLOCAL REACTION-DIFFUSION MODEL

Outline

© NoNLOCAL REACTION-DIFFUSION MODEL
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model

Basic assumptions behind the models with 1D space
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model
Basic assumptions behind the models with 1D space

1D reaction-diffusion model

o 2n(t, x
8(81’) - ﬂ(n(t7X)7p(t7X))+aa()(t27)>
X 0 }
81)5‘;;) fa(n(t, x), p(t, x)) 4 dag(xté)7
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model
Basic assumptions behind the models with 1D space

1D reaction-diffusion model

o 2n(t, x
8(81’) - ﬂ(n(t7X)7p(t7X))+aa()(t27)>
X 0 }
81)5‘;;) fa(n(t, x), p(t, x)) 4 dag(xté)7

n(t — At,x) — n(t,x)
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model
Basic assumptions behind the models with 1D space

1D reaction-diffusion model

o 2n(t, x
8(81’) - ﬂ(n(t7X)7p(t7X))+aa()(t27)>
X 0 }
81)5‘;;) fa(n(t, x), p(t, x)) 4 dag(xté)7

n(t — At,x) — n(t,x)

n(t — At, x), p(t — At,x) — n(t,x), p(t,x)
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model
Basic assumptions behind the models with 1D space

1D reaction-diffusion model

o 2n(t, x
8(81’) - ﬂ(n(t7X)7p(t7X))+aa()(t27)>
X 0 }
81)5‘;;) fa(n(t, x), p(t, x)) 4 dag(xté)7

n(t — At,x) — n(t,x)
n(t — At, x), p(t — At,x) — n(t,x), p(t,x)

n(t — At,x + A\jAx) — n(t, x)
p(t — At,x + A\jAx) — p(t,x)
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model
Basic assumptions behind the models with 1D space

1D reaction-diffusion model

o 2n(t, x
8(81’) - ﬂ(n(t7X)7p(t7X))+aa()(t27)>
X 0 }
81)5‘;;) fa(n(t, x), p(t, x)) 4 dag(xté)7

n(t — At,x) — n(t,x)
n(t — At, x), p(t — At,x) — n(t,x), p(t,x)

n(t — At,x + A\jAx) — n(t, x)
p(t — At,x + A\jAx) — p(t,x)
A= -1,0,1
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

n(., x)
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

Malay Banerjee!™* Vitaly Volpert2 Spatio-temporal Pattern formation: Effect of nonlocal interactio
y il




NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

n(., x)

®
n(.,x — Ax) n(.,x) n(.,x+ Ax)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

n(., x)

n(.,x — Ax) n(.,x) n(.,x+ Ax)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

n(., x)

@
n(.,x —2Ax) n(.,x — Ax) n(.,x) n(.,x+ Ax)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

n(., x)

n(.,x —2Ax) n(.,x — Ax) n(.,x) n(.,x+ Ax)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

n(., x)

@
n(.,x —2Ax) n(.,x —Ax) n(.,x) n(.,,x+ Ax) n(.,x + 2Ax)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

X

n(.,x —2Ax) n(.,x — Ax) n(.,x 5 X+ Ax) n(., x4+ 2Ax)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

T IN

wX —20x) n(.,x —Ax) n(.,x 5 X+ Ax) n(., x4+ 2Ax)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

P4 b

wX —20x) n(.,x —Ax) n(.,x 5 X+ Ax) n(., X—I—ZAX
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

P4 b

wX —20x) n(.,x —Ax) n(.,x 5 X+ Ax) n(., X—I—ZAX

(e.x) - n(e.x) [ " o(x— y)n(t, y)dy
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

P4 b

wX —20x) n(.,x —Ax) n(.,x 5 X+ Ax) n(., X—I—ZAX
2(t,x) = n(t.x) / 6(x = y)nlt.y)dy
on(t,x) o 02n(t, x)

= n(t,x)(1 — wi(t, x)) +

ot Ox2
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

P4 b

wX —20x) n(.,x —Ax) n(.,x 5 X+ Ax) n(., X—I—ZAX

*Uw%ﬁdtﬂ/ 6(x — y)n(t, y)dy
on(t,x) o 02n(t, x)
Ox?

mﬁw)z/m¢&—mdmnw

X)L —wi(t,x))+
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Nonlocal consumption of resources

Nonlocal intra-specific competition term

P4 b

wX —20x) n(.,x —Ax) n(.,x 5 X+ Ax) n(., X—I—ZAX
(t,%) 5 () / Hx — y)n(t,y)dy
an(t, x) B 02n(t, x)

=n(t,x)(1 —wi(t,x))+ 92

(t,x) / o(x — y)n(t,y)dy

¢ — function with bounded support, [*_¢(s)ds = 1

ot
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Model with nonlocal intra-specific competition

an(t, x)
ot
9p(t,x) _ Bn(t, x)p(t,x)
ot n(t,x)+ p(t,x)

an(t, x)p(t, x) n 9°n(t, x)

n(t,x) + p(t, x) Ix?

0°n(t, x)
Ox?

= n(t,x)(1 — wa(t, x)) —

- (’7 + (SWQ(t,X))p(t,X) +d

wi(t,x) = /_OO o1(x — y)n(t,y)dy

wa(tx) = [ ol y)ple.)dy

For simplicity, here we assume ¢1(.) = ¢2(.) = ¢(.)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

nstability condition

Linear eigenvalue problem:

Au(x) = (a1 + ni)u —n*/ d(x—y

A(x) = bru(x) + (bs + 6p.)v(x) — op. / B(x — y)v(y)dy + dv"(x)

(y)dy + av(x) + u”(x)

of a of ,

e = d1, S = d2,

8” (n*vp*) 8p (n*vp*)

of; of;

872 = bl; 872 b2
n (n*7p*) p (n*7p*)

Malay Banerjee™*, Vitaly Volpert?
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Instability condition contd.

Taking Fourier transform, we get:

AT(€) = (a1 + n.)a(€) — nu@(€)T(E) + 22V(€) — £7T(¢)
MV(E) = biT(€) + (b2 + 0p.)V(€) — op.B(€)T(E) — dE2V(€)

For stability, we need:

[—(a1 + n.) + 1. (&) + E[—(b2 + 6p.) + 0puB(£) + d€?] — azby > 0
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NONLOCAL REACTION-DIFFUSION MODEL

Non-local reaction-diffusion model contd.

Choices for ¢(y)
(Physica D, 2563, 12-23, 2013)
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NONLOCAL REACTION-DIFFUSION MODEL

Non-local reaction-diffusion model contd.

Choices for ¢(y)
(Physica D, 2563, 12-23, 2013)
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NONLOCAL REACTION-DIFFUSION MODEL

Non-local reaction-diffusion model contd.

Choices for ¢(y)

(Physica D, 2563, 12-23, 2013)
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NONLOCAL REACTION-DIFFUSION MODEL

Non-local reaction-diffusion model contd.

Choices for ¢(y)
(Physica D, 2563, 12-23, 2013)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Instability condition contd.

Substituting, ¢(¢) = sinEM) i |LHS of second inequality,
(EM)

D(¢, M) = d¢* + [(n* + 5p*)5in§,§v,M) —(ar+ b+ + 5p*)] ¢
+ [_(31 + n.) + n*smg(/f\/;\/l)] [—(bz +0ps) + 6ps sing(fﬂl\/l)} — axby
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Instability condition contd.

Substituting, ¢(¢) = sinEM) i |LHS of second inequality,

(EM)
sin(§M)
EM

D(¢, M) = de* + [(n* +dps)

+ [_(31 +n,) + ns'”g(f/;w)] [—(bz +0p.) + 0p.

— (a1 + bo + . +6p*)] ¢

sin(€M)
EM

} — axby

Turing instability condition

Pair of values of £ and M satisfying,

oD(E,M) _ , 9D(EM) _

D(&, M) = 0, =2 .
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Bifurcation diagram, without nonlocal interaction
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Bifurcation diagram for nonlocal model

12r
11F
101
g,
8,
T 4l
o 7
6,
5t

%*

4t * %

* %k

3r * ok * % x

E N R T T N

2ty * ok Kk X X ¥ x ¥

1.9 1.95 2 2.05 2.1 2.15 2.2 2.25

B=1,v=060=01M=5
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Bifurcation diagram for nonlocal model contd.

d—

N w » (& (2] ~ (o) O o
T
I

1.9 1.95 2 2.05 241 2.15 2.2 2.25
o—>

B=1~v=06,0=01 M =10
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NONLOCAL RE/ ON-DIFFUSION MODEL
Nonlocal reaction-diffusion model contd.
Bifurcation of steady-states with M

a=215=1,~v=06,60 =0.1,d =2
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Existence of multiple steady-states (numerical continuation)

10 15 20 25 30 35 40
M-

a=215=1,~v=06,60 =0.1,d =2
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Existence of multiple steady-states (numerical continuation)

10 15 20 25 30 35 40
M-

a=215=1,~v=06,60 =0.1,d =2
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Existence of multiple steady-states (numerical continuation)

10 15 20 25 30 35 40
M-

a=215=1,~v=06,60 =0.1,d =2
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Existence of multiple steady-states (numerical continuation)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Existence of multiple steady-states (numerical continuation)
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oo
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Existence of multiple steady-states (numerical continuation)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Existence of multiple steady-states (numerical continuation)

25

o
T

n(500,x) —

0 50 100 150 200 250 300 350 400

Malay Banerjee!™* Vitaly Volpert2 Spatio-temporal Pattern formation: Effect of nonlocal interactio
y il



NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Change in patch size due to variation in choice of kernel

Change in shape of the patches with different kernel functions
having bounded support.
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

RM model with nonlocal interaction

RM model with nonlocal intra-specific competition

n(t,x)p(t,x)  0°n(t,x)
) - ¢ + n(t, x) + Ox?

5y = n(t,x)(1 — w(t,x

op(t,x)  an(t,x)p(t,x)
ot c+n(t,x) bp(t, x) +

n(0,x) = no(x), p(0,x) = po(x)
n(tv 0) - n(tv L)? p(t,O) p(t L)

&*p(t, x)
Ox?2

w(t,x) = / " o(x — y)n(t,y)dy

925(2) = Qbstep(z)
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model contd.
RM model with nonlocal interaction contd.

“Hn“n!“

H( \ H

a=0.15 b=0.05 ¢ =0.2, M =5 (left); M = 10 (middle); M = 15
(right)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

RM model with nonlocal interaction contd.

0. T T T T T T 0.4 T T T T T T T T T
03 0.35]
03]
025
025
02
L. 02
0.15) 0.15
01 L . L L L L 01 L L L L L L L L L
0 0.1 02 03 04 05 06 0.7 01 015 02 025 03 035 04 045 05 055 06
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model contd.
RM model with nonlocal interaction contd.

a=10, b=0.5 ¢=0.2 M=5 (left); M =10 (middle); M = 15
(right)
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

RM model with nonlocal interaction contd.

Turing pattern in RM model
(9] 82
g’; = n <1 - / o(x — y)n(y, t)dy) B

c+n ox2’

op anp 9p
P _ —b - B
ot c+n Pt Ox2

Associated eigenvalue problem
Mnlx) = Aun(x) = Aep(x) . [ olx = y)aly)dy -+ dn (x),

Ap(x) = Buin(x)+p (),

_ N Px _ Ny _ acpx«
Al_(c—f—n*)z > 0, A2—C+n* >0, By = " > 0.

M
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

RM model with nonlocal interaction contd.

AR(E) = An(€) — Ap(€) — nd()n(E) — dE>n(E),
Xp(6) = Bin(€) - €2p(6), |

Characteristic equation

N+ (1§ — A1+ (d + 1)E)A + AxBr + (ned — A1)€? + dg* = 0.

Conditions for stability of homogeneous steady-state

AL — n.d — (d +1)¢2 < 0,
de* 4+ (neg — A1)E2 4+ AyB; > 0.
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NoNLOoCAL RE! ON-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

RM model with nonlocal interaction contd.

EHEN Tl S aa

2 4 6 8 10 12 14 05 1 15 2 25 3 35

a=12 b=06 c=04 d=0.05and M=10
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Bazykin model with nonlocal grazing

Bazykin model with nonlocal consumption and reproduction

n X n X n X 2n N
N0 _ (1= M) B Pl
2
8/3(81“; x) = bws(t, x)p(t,x) — p(t, x) — fo?(t, x) + Dpw

(53] = b k) = £
n(t,0) = n(t,L), p(t,0) = p(t,L)

(t,x) / o1(x — y)p(t,y)dy
n(t,y)
(t,x) / Ga(x —y mdy

$1(2) = 62(2) = ¢step(2)
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NONLOCAL RE/ ON-DIFFUSION MODEL
Nonlocal reaction-diffusion model contd.
Bazykin model with nonlocal grazing contd.

0.02 0.04 0.06 0.08 0.1 0.12
f—

Bifurcation diagram for parameter values: r = 0.24, k = 30,
b=13and M =0
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Bazykin model with nonlocal grazing contd.

Parameter values: r =0.24, k =30, b=1.3, f =1.25, D, =9,
M =20, M =40
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Bazykin model with nonlocal grazing contd.
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Existence of multiple stationaty steady-state
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NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

Bazykin model with nonlocal grazing contd.

Il
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3,0, =8 M=2, f=0.008 (left),
.102 (right)

Malay Banerjee*, Vitaly Volpert2 Spatio-temporal Pattern formation: Effect of nonlocal interactio
y il



NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model contd.
Bazykin model with nonlocal grazing contd.

Travelling wave, modulated travelling waves, r = 0.24, k = 30,
b=13,f=0.02, D, =10, M =2 (left), M =5 (middle), M =8
(right)
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model contd.
Bazykin model with nonlocal grazing contd.

’.vijvﬁ

S 2

r=20.24, k =30, b=1.3, D, =10, f = 0.02 and increasing
values of M, from M =10 to M = 60
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NONLOCAL REACTION-DIFFUSION MODEL
Nonlocal reaction-diffusion model contd.
Bazykin model with nonlocal grazing contd.

SH

M- f-o

SH - stationary homogeneous, S| - stationary inhomogeneous, PH -
periodic homogeneous, Pl - periodic inhomogeneous, Al - aperiodic
inhomogeneous, TW - travelling waves, MTW - modulated
travelling waves. Solid lines correspond to stable branches, dashed
lines to unstable, arrows show transition between the branches

Malay Banerjeelw Vitaly Volpert2 Spatio-temporal Pattern formation: Effect of nonlocal interactio




NONLOCAL REACTION-DIFFUSION MODEL

Nonlocal reaction-diffusion model contd.

K&&%{ é %2}

q )
gy

QUL y
i

S

Emergence of new patches OR Darwin’s speciation (see V. Volpert:
Partial Differential Equations, Vol - Il)
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Conclusion

Outline

© Conclusion

Malay B rjeel* Vitaly Volp Spatio-temporal Pattern formation: Effect of nonlocal interactio




Conclusion
Some comments &

@ Consideration of nonlocal interaction terms induces Turing
patterns in RM model

@ Consideration of nonlocal interaction can have a stabilizing
effect, upto certain extent

@ Linear stability analysis and related numerical simulation
reveals the existence of multiple steady-states

@ Forward and backward numerical continuation method plays a
crucial role to determine the existence multiple stationary
states
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Conclusion
Some comments &

@ Consideration of nonlocal interaction terms induces Turing
patterns in RM model

@ Consideration of nonlocal interaction can have a stabilizing
effect, upto certain extent

@ Linear stability analysis and related numerical simulation
reveals the existence of multiple steady-states

@ Forward and backward numerical continuation method plays a
crucial role to determine the existence multiple stationary
states

@ It would be interesting to consider the nonlocal terms in
intra-specific and inter-specific consumption terms

@ Construction of global bifurcation diagram for the non-local
spatio-temporal models

@ This theory has wide applicability in system biology and
various branches of natural sciences
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